Matrix/Vector

Vec Spaces: range(A) = ( ) {z]|3x:z = Ax}
rank(A) = dim(C(A)) = dim(R(A))
N(A)={x:Ax =0}

N(A) LR(A), N(AT) L C(A)

Rank-null Thrm: rank(A)+dim(N(A)) = cols

Orthog Matrix: Q™! =QT,QQT =QTQ =1
preserves inner product, norm, distance,
angle, rank, matrix orthogonality

Dot Product: (x,y) = x'y = Zﬁlxiyi =
lIxllllyllcos 6. « (x +y,z) = (x,2) +(y,2)
c(xxyxty) = (Xx)+2Xy) +(yy)
e (u,v)v=(vwu

Outer Product: uv’, (uv'); i = u;v;

Trace: trace(XYZ) = trace(ZXY)

Transpose: (AT)"! =(A~")T, (AB)T =BTAT

Norms

e |Ixllo = [{x; |x; = 0}| # non-zero elems

o il = I, 7 = V%)
¢ lu=vllz = y(u=-v)"(u-v)

o Ixll, = (XN 1x1P)?
* Al = (L Xa; = Virace(ATA) =

y il 52 o (A)l,

i=1
* llAlle = \JLi; &ij aizj (weighted Frobenius)
o Al = 2 lag |
* [|All2 = Omax(A) =llo(A)lle
* [|All, = max||Av]|, : [[v]|, = 1 max stretch

o JAlL =X 6, = llo(A)l; (nuclear)

Derlvatlves
2(bTx) = £(x'b) = b L(xTx) = 2x
a—g( xTAx) = (AT +A;x . 9x(bTAx) =A"b
* x(€'Xb) = cb" ¢ 2 (c"X"b) = bc”
. a%(qu b|3) = 2AT(Ax-b) « Z(|lx-bll) =
e * a3 ) Z(xTx) = 2x + Z(IXIF) =

2X e % log(x) = <
Probability / Statistics

* P(x):= Pr[X = x]:= ), P(x,p) * P(x,p) =
P(x|y)P(p) * VyGY 2. Plxly)=1

* P(xly) = P(yll’z;f;(x) (Bayes’ rule)

e P(xy,...,x,) =1L, P(x;) (iff ii.d.) » E[X] :=

Y rexp(x)x e Var[X] := E[(X - ,ux)z]
E(X?) - E(X)? e Var[aX + bY] := a®Var[X] +
b?>Var[Y]+ 2abCov[X,Y]

Eigendecomposition

Full rank A = XAX"! with A, X € RN*N,
Symmetric S =ST = QAQT (Q orthogonal).
Singular Value Decomposition

A=UXV' =ojuv| +..+0,u,v] for r = rank(A)
Ac ]RNXP,U c IRNXN,E c IRNXP,V c ]RPXP
UTU=1=VTV (U,V orthonormal)

U cols eigenvectors of AAT, V cols eigenvec-
tors of ATA, ¥ = diag(o;) singular values.

1. find ATA.

2. find eigenvalues solving det(ATA — A1) = 0,
sort them in descending order to get singular
values 0; = \/1; and set ¥ = diag(o;).

3. find eigenvectors of ATA from the eigenva-
lues, and set them as columns of V.

4. calculate the missing matrix: U= AVE~!
5. normalize each column of Uand V.

Encoder C € REN decoder D € RNK to ap-
prox identity map x = DCx for K << N.
Echart-Young Theorem

Best rank-k approx (non-convex domain) of
A=UxvVT given by k largest eigenvectors

argmin i IIA- B||F =A=Ux, VT

14— Al = zii’;"fl a2, A=Al = 0pi
Optimal Linear Autoencoder via SVD

By EY thrm, optimal reconstruction of

X =UXV' given by C* = AU/, D* = UyA™!
for any invertible A. To reduce d.o.f. and am-
biguity, do weight sharing and pick D =CT.

rank(B

X e RPN N observatlons K rank.
. Empirical Mean: X = 5 LynN

. Center Data: X = X —
. COV Y=

Xy

=X-M.

1 n=1

2 x....X]
_ _ <

3 %Zﬁlzl(xn_x)(xn_x)T = %xx .

4. Eigenvalue Decomposition: ¥ = UAUT.

5. Select K < D, only keep Uy, Ag.

6

7

8

. Transform data onto new Basis: Zy = U;i.
. Reconstruct to original Basis: X = U Z.
. Reverse centering: X = X + M.
For compression save Uy, Zg, X.
Uk c IRDXK,E c IRDXD,ZK c ]RKXN,X c IRDXN
Iterative View
Residual r; : x1 -%=(I-uu )xl

Cov of r: % I = uuT)x;x (I uuT)T =
(I-uuT)2(I- uuT) =¥- ZEuu T uuT>uuT =
Y- AuuT

1. Find principal eigenvector of (£ — Auu’)
2. which is the second eigenvector of ¥
3. iterating to get d principal eigenvector of ¥

Power Method

Power iteration: v;,; = %, lim; vy = 14
Assuming (u1,vg) # 0 and [A;[ > [A;|(¥V] > 2)
Comparison with Linear Autoencoder

PCA clarifies importance of data centering,
gives unique repr. (except for eigenvectors
with same ;). Linear autoencoder spans sa-
me space but gives arbitrary basis (often not
interpretable). PCA with power iter easy and
robust, good for small k (finds one component | p
at a time). PCA via SVD good for mid-sized
problems. For large datasets, autoencoder

trainable via backprop: extensible and SGD
efficient.

min )=k [ i jjer (aij = bij)?), T = {(i, ]) : obs.)

Alternating Least Squares

fU) = Y jper(@ij—(ujvi))?

flui, V) = L jrer@ij = (ujvi))?

Convex when fixed one.

Convex Optimization

f: RP — Ris convex, if dom f is a convex

set (i.e. points on the line between any two

points are also in the set) and if Vx yedom f,

VYae[0,1]: flax+(1-a)y) <af(x)+(1-a)f(y).

Convex <= local=global

Convex Relaxation

Replace non-convex rank constraints by con-

vex norm constraints (superset). Then project

optimum back (hopefully still optimal).

mingep, [|A ~BIIZ, P = (B : [Bll. <k} 2 Qx = {B

rank(B) < k} (as tightest convex lower-bound

rank(B) > [B]|, : [|B[[» < 1)

SVD Thresholding

B* = shrink,(A) = argming {||A - B||12: +7||B||.}

Then with SVD A = UDVy, D = diag(o;), holds
=UD,VT,D, = diag(max|{0,0; - t})

Iteration: By, = B; + 11, I1(A — shrink(B;))

X e ZSM, NMF: X~ UTV,x;; = ¥ uyv, =
(u;v;) Decompose object into features: topics,

face parts, etc.. u weights on parts, v parts (ba-
ses). More interpretable (PCA: holistic repre.).

Jensen’s ineq. concave : (P(Z,a x’) Z’;";( ))

EM for MLE for pLSA (NO global opt guarantee)
Context Model: p(w|d) = le p(wlz)p(zld)
Conditional independence assumption (x):
words depend on topics only, not on docs

p(wld) = ¥, p(wld, z)p(2ld) = T p(wlz)p(2ld)
Symmetric parametrization:

p(w,d) =}, p(z)p(wlz)p(d|z)

Log-Likelihood: L(U, V) = Zl-,]- x; jlog p(w;ld;)

= X(i,j)ex log Zle p(wjlz)p(zld;) (concave)

p(wjlz) = vz, p(zld;) = uy;, Z?J v =YK u=1

E-Step (optimal q: posterior of z over (d;, w))):
p(wjlz)p(zld;)

VzjUzi

L= = ’ ij=1
921 = T plasiophiay) - T, w2 17
M-Steps:

(Zld ) Z] ij (w]|Z Z,lelqm

Latent Dirichlet Allocation

To sample a new document, we need to ex-
tend X and UT with a new row, s.t. X = UTV
(While pLSA fixes both dimensions)

For each d; sample topic weights
uz~Dirichlet( a): p(ujla) = K 1” , ! then
topic z' ~Multi(u;), word w ~Mu1t1(vz )

Multinom. obsv 'model on word-count vec:

p(x|V,u) = nx where 7t; = ) v,iu,,
l = Z] x]'
Bayesian averaging over u: p(x|V,a) =
[ p(xIV, u)p(ula)du

NMF Algorithm for quadratic cost function
minyy J(U, V) = [[X - UTV||2 (non-negativity)
st Vi, ],z 1y,0,5 20

Comparison with pLSA:

1. sampling model: Gaussian vs multinomi-

al 2. objective: quadratic vs KL divergence 3.
constraints: not normalized

. | Alternating least squares:
"I 1. init: U,V = rand()

2. repeat 3~4 for maxlIters:
3.upd. (VVT)U = VXT, proj. u,; = max{0, u,;}
4. update (UU")V = UX, proj. v; = max{0,v,;}

Distributional Model:

po(w|w’) = Pr[w occurs in context of w’]
Log-likelihood:

L(0;w) = .1y Laer logpo(w! ™ w)

Latent Vector Model: w — (x,,, b, ) € RP*!
7y — eXp[(Xw,Xw/>+bw]

pQ(W|w ) T Yoev expl(xp Xy )by

Modifications:

log po(w|w’) = (Y, X ) + by, word vy, Ctx xy

use GloVe objective

negative sampling (logistic classification)

GloVe (Weighted Square Loss)

Co-oc Matrix: (1;;) € RYMC = ), # in ctx w;

Objective: H(O;N) =

= L0 f (i) [log nij—logexp[(x;,y;)+bi+c;]]?

with f(n) = min{l, (-2—)%}, a € (0;1].

’
Minax

] (soft-max).




unnormalized distr. — 2-sided loss function
(no norm., fast)

1. sample (7, j) unif. rand. such that n;; > 0
2.x7Y —x; + 211 f (n;;)(log nij — (x;, y;))y;j

3. Y”ew —yj+2nf(n;j)(logn;; —(xi,y;))x;
Discussion

Word embeddings can model analogies and re-
latedness, but antonyms are usually not well
captured.

KMeans
Target: miny 7 J(U,Z) = [[X - UZ|I%
N yvK
= anl Zk:l Zk,n”xn - uk“%
1. Initiate: choose K centroids U = [uy,...,ug]
2. Cluster Assign: data points to clusters.

k*(x,) = argming{||x, — u|l,} returns clus-
ter k*, whose centroid uy+ is closest to data
point x,,. Set zy+ , = 1, and for [ # k* z; , = 0.

N
3. Update centroids: u; = %
n=1<k,n
4. Repeat from step 2, stops if ||Z - Z"V||y =

Iz -z = 0
Computational cost: O(k-n-d)
Gaussian Mixture Models (GMM)
exp(~
exp[—3(x - ﬂ)TZ (x

xy

) Multivariate

—p)]

Gaussian p(x) =

\/7
p(xiY) = ———pe
D

2 (2m)
For GMM let 6 (M Xk); po, (x) =
N(X|]4k, Ek), 0= (7'(,91,.., Qk)
Mixture Models: py(x) = Z,[le Tk Pg, (X)
Assignment variable (generative model):

€{0,1}, Xf zij=1
Pr(zy =1)=m < p(z ]_[k ln
Complete data dlstrlbutlon
V4

po(x2) =TTi; (mxpo, (¥))
Posterior Probabilities:

'\’\v

Pr(z=1)p xlzk:I) TkPo; (x)
P =1 =
H(2 = 1) = T b hpta=l) ~ T, mpe )
post p(A|B) prior p(A )xhkelihood p(BJA)

evidence p(B)

Likelihood of observed data X:

po(X) =TT\ po(xy) = [ThL, (X4o; mkpo, (x4))
Max. Likelihood Estimation (MLE):
argmaxg Y0, log (X.A-, epe, (x,))

> Zn:lN Z]If:1 Qk[logpﬂk (xp) + log Tt — log qk]
with Zszl gx = 1 by Jensen Inequality.

Generative Model
1. sample cluster index j ~ Categorical(r)
2. given j, sample data x ~ Normal(y;,¥;)

Expectation-Maximization (EM) for GMM
E_Step: Pr[zk,n = llxn] = Gkn =

t-1 t-1 t-1
Tl;{ : nlpy )'Egg ))

(t-1) (t=1) 5 (t=1)
Z;‘(ﬂ ch N(xn‘l‘]‘ :Z]' )

Z;[;jfl Gk, nXn (t) 1 N
s [ S ) T

Z{n\f:l qk,n k N Zn,1 qk'”
Zﬁ]:l qk,lz(xn _ﬂy))(xn_ﬂy))T
22]:1 Gk,n
Discussion K-means vs. EM
hard assignment vs soft. spherical clusters
shapes vs covariance matrix. fast vs slow and
more iteration. K-means can be used as initia-
lization for EM.
K-means as a special case of GMM with cova-
riances ):]- = 02]. in the limit of 0 — 0, recover
K-means (hard assignments).

Model Order Selection (AIC / BIC for GMM)
Trade-off between data fit (i.e. likelihood
p(X|0)) and complexity (i.e. # of free para-
meters «x(-)). For choosing K:

Akaike Information Criterion: AIC(9|X) =

M-Step: y;:) =

(1) _
X =

—logpe(X) + x(0)
Bayesian Informatlon Criterion: BIC(0[X) =
—logpo(X) + 3x(0) log N

# of free params, fixed covariance matrix:
x(0) = K-D + (K — 1) (K: # clusters, D:
dim(data) = dim(y;), K — 1: v of # free clus-
ters), full covariance matrix: x(6) = K(D +
PO (K -1).
Compare AIC/BIC for different K — the smal-
ler the better. BIC penalizes complexity more.

Activation: tanh(x) = % sigmoid s(x) =
ﬁ,s'(x) =s(x)(1 —s(x)), ReLU max(0, x)
Neurons: F, (x;w) = o (wq + Z?ﬁl Xjw;).
Output: linear regression y = W:x!~!, bina-
ry (logistic) y; = P[Y = 1]x] =

1
I+exp(-wlxL-1)’

multiclass (soft-max) y, = P[Y = k[x] =
exp(waL l) . AL B
T expwTxl )’ Loss function /(y, 7): squa

red loss %(y — 9)?, cross-entropy loss
-vlog?y — (1 — y)log(1l — ). Units and
Layers: layer-to-layer fwd. prop. notati-
on:x' = o (W(l)x(l_l)). L-layer network:
y=cl (W(L)G(Lfl)(...(g(l)(W(l)x)...)))

Backpropagation
Layer-to-layer Jacobian: x = prev. layer acti-
vation, x* = next layer activation. Jacobian

matrix J = Jj; of mapping x — x*, x;r = O'(WZTX),

o .
Jij = a’; =wjj - o’(w/x). Across multiple layers:

aixﬁ ZJ(” 3;‘3 2= J g0y ang
then back prop. V£ =Vy{- Jo ..y

. ax oxl
Weights: =5 = ol 2 - =

ox\ owl” dwy;

ij i ij i
o’ (w) ] Tx0-1) -
stream unit - activation of up-stream unit)
Gradient Descent (or Deepest Descent)

Gradient: Vf(x):= (m M)T

dx; 7 dxp
1. init: (9 ¢ RP
2. for t = 0 to maxlIter:
3.xH) =x -9 Vf (x(")), usually y ~ 1
Stochastic Gradient Descent (SGD)
Assume Additive Objective:

fx) =5 Lokt ful®)

1. init: x(¥) € RP

2. for t = 0 to maxlter:

3. sample n eu ar. {1,...,N}

4. xHD = x) —yVf, (x), typically y ~

Neural Networks for Images (CNN)

Translation invariance of images — neu-

rons compute same fct, shift invariant filters;

weights defined as filter masks, e.g. convoluti-

on: Fn m(x W) - O(b + Zi—_z le—_z Wi, 1 Xn+k, m+l)

Use {max, avg}-pooling to reduce dim. of con-
volution and extract interesting features.

) (sensitivity of down-

Autoregressive

Image p(x) = [1}" p(xilx1, -
Variational Autoencoder
Dk (PlIQ) = L P(i)log g7
lar)

Elbo logpg(x) > Ez~ Q[logPO(x|z)] —
DXH(Q(2lx)IIP(2))

Q enc. posterior distr., P(z) prior distr. on la-
tent var z, Pg likelihood of dec. generated x
Jointly trained: enc. optimize regularizer term,
sample z ~ Q, feed to dec., produce X to max.
reconstruction quality. Both terms diff’ able,
can use SGD to train end-to-end.
Generative Adversarial Networks
Optimal Bayes classifier: posterior gg
p/(p + pg) (often inaccessible) Generator vs
classifier (to fool)

,Xi-1)

log P;

= Eiliogo;

] (0: simi-

Orthogonal Basis

Pros: fast inverse; preserves energy. For x and
orthog. mat. U compute z = UTx. Approx

% =U2, 2; = z; if |z;| > € else 0. Reconstruction

Error [[x - %]|* = ¥ 4., (x,u)?. Choice of base

depends on signal. Fourier for global, wavelet
for local support. PCA basis optimal for given
Y. Stripes & check patterns: hi-freq in Fourier.

Haar Wavelets (form orthogonal basis)

scaling fen ¢p(x) = [1,1,1,1], mother W(x) =
[1,1,-1,-1], d1lated W(2x)=[1,-1,0,0], trans-
lated W(Zx 1)=10,0,1,-1]

Overcomplete Basis

U € RP*L for # atoms = L > D = dim(data).
Decoding involved — add constraint z* €
argmin,||z||y s.t. x = Uz. NP-hard — approxi-
mate with 1-norm (convex) or with MP.
Coherence * m(U) = max; j.;..j[u; u;| * m(B)
0 if B orthogonal matrix * m([B,u]) > \/% if

atom u is added to orthogonal basis B (o0.n.b.
= orthonormal base)

Matching Pursuit (MP) approximation

of x onto U, using K entries. Objective:

z* € argmin, |[x — Uz||,, s.t. ||zl]lp < K 1. init:

z « 0,7 « x 2. while ||z||p < K do 3. select
atom with smallest angle i* = argmax; [(u;, r)|
4. update coefficients: zjy+ «— z;x + (u;x,r) 5. up-
date residual: r < r — (u*, r)u;«.

Exact recovery when: K < 1/2(1 + 1/m(U))
Compressive Sensing: Compress data whi-

le gathering: * x € RP, K-sparse in o.n.b.
U.y € RM with y; = (w;,x): M lin. combi-
nations of signal; y = Wx = WUz = Oz,

© € RM*D « Reconstruct x € RP from y; find
z* € argmin, ||z]|, s.t. y = Oz (e.g. with MP,
or convex it with 1-norm: canbe eq!). Given z,
reconstruct x = Uz

Any orthogonal U sufficient if: « W = Gaussi-
an random projection, i.e. w;; ~ N(0, %) M

> cKlog(%), where c is some constant

Adapt the dictionary to signal characteristics.
Objective: (U*,Z*) € argming , [[X - U- Z||12: not
jointly convex but convex in 1 argument.

Matrix Factorization by Iter Greedy Minimi-

zation 1. Coding step: Z!'*! € argmin, ||X —
uU! Z||F subject to Z being sparse (z/,!! €
argmin, [zlly s.t.[lx, — U'zl; < 0||Xn||2)
2. Dict update step: U'™! € argming|[X -
UZ'12, subjto Y1 € [L] : |[ull, = 1. (set
= [u}---u;---ul], min, [[X - UZ*)2 =
min,, [R] - ul(zf“)TlI% with Rl = UXVT by
u; =1,)



