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Abstract

5 papers, redoing all the maths with many more intermediate steps than in the original papers, and correcting
the mistakes hidden in them. Then implementation in a lightweight matlab framework, and comparisons

1 Introduction

Each section starts with the notations of the paper. These are defined throughout the original papers as the calculations
are presented, but having them all available in a single place helps a great deal when trying to re-do the calculations.

2 Synthetic material basis: mu-preconditioning

Section 3.4 of [? ] proposes to modify the material attenuation matrix p to speed up and stabilize the internal
computations. They call this step “u-preconditioning”, but it can be interpreted as generating a basis of synthetic
materials instead of the original materials. These synthetic materials are linear combinations of the original ones,
possibly with negative coefficients. We present three ways to choose this basis, i.e. three different p-preconditionings.
Each one provides a matrix P such that pirealP = fisynth:

e Normalizing firea: each column of fiyen; is divided by its norm. This has the advantage of not introducing
negative attenuations. The added complexity associated with the use of negative attenuation coefficients, like
the use of absolute values in the calculation of (™) and T in [? ], can be avoided with this synthetic materials
basis

e Orthonormalizing fiyea: either using the Gram-Schmidt algorithm or diagonalizing uZ_ fireal (as proposed in [?
]), the column of e are made orthogonal to each other, in addition to being normalized. This will generate
negative attenuation coefficients (for the dot products between columns to be zero)
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with Sy . the effective spectrum at energy e in bin b, and fireal e,m the attenuation of material m at energy
e. Each value (Q)b’m is a weighted mean of the attenuation coefficients of material m over the whole energy
spectrum, the weights being the number of photons seen by the detector in bin b. Roughly, it evaluates how
much the material m attenuates the photons that will end up being detected in bin b. Now, the problem of
determining which linear combination of materials causes the observed attenuation would be much easier if each
material attenuated the photons of only one bin, i.e. if @ was diagonal. Therefore, we multiply © by the inverse
of @, which we denote P. When @ is not square, e.g. when there are more bins that materials, () cannot be
inverted, but P can be defined as the Moore-Penrose pseudo inverse of @, i.e. P = (QTQ)™'Q”, which provides
a good replacement for Q. This approach was proposed in [? | for dual energy CT, but its extension to more
materials and more bins is straightforward. The basis created this way has as many synthetic materials as the
number of bins, each of which can have negative attenuation coefficients.

3 Cai et al. 2013

The paper [? | was originally designed for dual-energy CT with fast kV-switching. Therefore, in the paper, each
pixel of the measured data is assumed to contain two values, one for each tube voltage, indexed by u. We adapt the
proposed method to spectral CT. u is now used to index the energy bin number. We focus on the discrete model and
discard the notations of the continuous model given at the beginning of the paper.



Figure 1: Dependencies between variables in Cai2013

3.1 Notations and intermediate variables
e u € {1..N,}: index of energy bin
e K: total number of pixels, i.e. number of projections x number of pixels in one projection
e ¢ € {1..N.}: actual energy of a photon

e s(u,e): normalized effective spectrum, i.e. ratio between the number of counts in bin u caused by photons of
actual energy ¢ without object, and the total number of counts in bin u without object

e §(t,u): expected beam transmission ratio in pixel ¢ and bin u, i.e. expected ratio between the number of counts
with object and without object

e N: number of voxels in a single material volume

e m € {l..ny}: index of basis material

e z: column vector for the object volume. First the volume for material 1, then for material 2, etc...
e A: forward projection matrix for a single material volume

e R: block-diagonal matrix, ny blocks, each block is a matrix A

e M;: matrix of material attenuations. Each column of the matrix M; is a vector (of height N.) containing the
attenuation of one material as a function of energy

e M: large matrix, obtained by replacing each value of M; by its product with I, the identity matrix of size K

e B = M R: matrix performing forward projection and computing linear combination with material attenuations.
N x ny columns and K x N rows. Thus, Bz is a column vector of size K x N¢, i.e. one volume per energy

e S;: normalized effective spectrum matrix. One row per bin, one column per energy. Each row sums to 1

S: large matrix, obtained by replacing each value of S by its product with I

gy = Sexp(—Bz): column vector of expected beam transmission ratios, of size K x N,

3.2 Step by step calculations

The authors assume that the variance 6, of the measured beam transmission ratios ¢ can be known. They also assume
a prior on x which results in minimizing the Huber function of the spatial gradient, which is close to the behaviour of
anisotropic TV minimization. The dependencies between variables can be summarized in the diagram shown in figure
From this diagram, the following expression of the full joint probability can be inferred:

p(z,y,01,02) = p(61)p(62)p(]02)p(y|z, 01)

A basic property of the conditional probabilities also gives

p(z,y,01,02) = p(x, 01|y, 02)p(y, 02)
= p(, 01|y, 02)p(y|02)p(02)

Therefore, equating the right hand sides, we have

p(x, 011y, 02)p(y|02)p(02) = p(61)p(62)p(x|02)p(ylz, 01)

Simplifying p(62) and moving p(y|f2) yields equation (20) of [? |. Along equations (21) to (24), the authors assume
that 6, the variance of y, is proportional to y. If § is a sufficiently good estimate of y, 81 is then also proportional to
4. They note the proportionality factor k4. It depends on the detector, and can be obtained by calibration. Let us
continue with equation (25):

T = arg;nin {— log {p(y\x, 91)} — log [P(96|92)}}



Replacing both probabilities from equations (14) and (17):
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Removing the term constant with z, multiplying by 2 and cutting the sum into two parts, we obtain
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The first sum can be compactly written in matrix form. In fact, it is exactly a weighted least squares expression, with
weights equal to the inverse of the variance of the measurements. Doing that yields equation (27).

The algorithm employed to minimize the cost function J is a non-linear conjugate gradient. Equations (28) and
(29) are standard, the originality here is the choice of the step length a®), which is explained quite clearly in the
paper. In equations (30) and (31), all coefficients of the second degree polynomial in « are scalars, so the calculation
is straightforward. The only difficulty is to actually compute g and d” Hd. This is done in the appendix. Note that
there is a sign error in equation (32). The appendix contains the correct expression of g.

3.3 Modifications for synthetic materials

In the case where the algorithm is fed a matrix Mgy,n of the attenuations of synthetic materials, obtained by linear
combination of the attenuations of real materials (the columns of M;ea), it will reconstruction synthetic material
volumes Zgynth. The expression for the data-attachment term remains correct, but the regularization must be perfomed
on the real materials volumes ¢y, since we want the real material volumes to be regular, not the synthetic ones.
To clarify the link between Mical, Msynth, Treal a0d Teynth, let us first imagine that our volumes are made of a single
voxel. Let us also note that the total attenuation coefficient for each energy through that volume should be the same,
whether we use synthetic or real materials. This condition gives us the following identity:

Mrealzreal = Msynthxsynth
Let P be the matrix such that Mo P = Mgynin. Then

Mca1Treal = Mrealpmsynth

— Mreal (mreal - szynth) =0

Since the columns of M,e, are linearly independent by construction (the materials are chosen to have independant
attenuation curves), this means yeal = PZsynen. S0 the same matrix is used to transform the real attenuation matrix
into the synthetic one and, the other way round, to transform the synthetic volumes into the real ones. In order to
apply regularization on real materials, the regularization term Jz, its gradient g2 and its Hessian Hs must be replaced
by their counterparts adapted to synthetic materials J3, go and Hy defined as follows:

t}é(zsynth) = JQ(P'Isynth) = 2(I)(D~'Erea1a 92)
gQ(xsynth) = PTQQ(PiL'synth) = 2PTDT(:.[)(Dxrcal7 92)

Hy(Tsyntn) = PT Hy(Poyntn) P = 2PT DT (D1, 02) DP

4 Synthetic materials in SQS-based methods

The next three methods work by finding a local quadratic surrogate to the cost function, and minimizing it to obtain
the next iterate. In our implementation, the minimization is performed by one iteration of Newton’s method, since
the Hessian of the surrogate can be computed and inverted quickly. These three SQS-based methods are insensitive
to a change of materials basis, probably because Newton’s method is. In this section, we prove that Newton’s method
is insentive to a change of basis. For convenience, we will keep the same notations as in section Let

J:RYN >R
u— J(u)



be the original cost function, returning the correct result when its input is a set of volumes of the real materials. The
cost function for volumes of synthetic materials is

Let G(@yea) and H (xreal) be the gradient and Hessian of J evaluated at e, and G(xsynth) and H (syntn) be the
gradient and Hessian of J evaluated at Zsynth- From the definition of J it stems that

é(xsynth) = PTG(szynth) = PTG(xreal)
ﬁ(xsynth) = PTH(szynth)P = PTH(mreal)P

For k € N, let 2 be the k-th iterate obtained by Newton’s method when minimizing J, and similarly let %) be

real synth

k-th iterate obtained by Newton’s method when minimizing J. Proving that “Newton’s method is insensitive to a
(k) (k)

change of basis” amounts to proving that for any k, Pz = Tren- Let us do this by mathematical induction. Let
k € N, and assume that nglyczlth = xggl From the update step of Newton’s method, we have:
(k+1) _ (k) 7 (k) =17, (k)
Tsynth — Lsynth — H(xsynth) G(xsynth)
-1
k k k
= mgyglth - (PTH(eril)P) PTG(eril)

— P*lH(x(k) )71G(x(k) )

synth real real

= pglFt) = pg*) H(x(k) )*1G(x(k) )

synth synth real real
(k+1) _ (k)

Px Lsynth — Lreal — H( rea ) G( real)
(k+1) __(k+1)

szynth — “real

(0)

synth and 9552;1 such that

which proves that the property holds for k£ + 1 if it holds for k. If one starts from iterates z

Pa:ig)mh = x](reil, which is in particular true if both are null, then the property holds for any k € N. There is therefore no

point in changing basis when minimizing a cost function with Newton’s method. On the other hand, when minimizing
a quadratic cost function with the linear conjugate gradient algorithm, changing basis means preconditioning, and in
that case the synthetic and real iterates are not the transform of one another.

5 Long & Fessler 2014

The method described in this paper [? | was designed for a slightly different problem than the one we intend to apply
it on: the original goal was to reconstruct three or more materials with only two bins (dual-energy CT measurements),
adding enough constraints for that a priori ill-posed problem to become tractable. In the present document, we neglect
all the constraints and the way they are managed, and keep only the data-attachment and spatial regularization terms.

5.1 Notations and intermediate variables

e Mjy: number of bins

e Ly: number of materials

e N,: number of voxels

e N,: number of rays (or pixels)

e Y;,,: measured photon count along ray ¢ in bin m

® Uim = [ Lim(c) exp (— fmyi w(Z, s)dl) de +1im: expected photon count along ray 4 in bin m, through the current
volume estimate

o I;,(e): effective spectrum at energy e, ray i and bin m
e 7;m: photon counts along ray ¢ in bin m with null input spectrum (dark field)
o u(Te) = ZlL:Ol wi(g) Z;V:pl b;(&)x;;: total attenuation coefficient for energy ¢ at location &

e b;(Z): basis function j at location #. Using voxels as basis function, b; is the indicator function of the small
cube containing the voxel



e 1;;: volume fraction of material [ in voxel j

e 1: estimate of the reconstructed volume (z € RVr»Lo)

e A: forward projection matrix

o s;(x) =[Axy); = Z;V:pl ai;ry;: line integrals through the material volume x;, at ray ¢

o s5;(x) = (si1(x),...8:0,(x)): set of line integrals through all materials Note that in [? ], the notation is S;m,
i.e. the line integrals are assumed to depend on the bin number m. This may be required for dual-energy CT
designs other than the “sandwich detector” (i.e. for dual source or fast kV-switching strategies) since, with those
designs, low and high energy projections are not acquired along the same path. With spectral photon counting
detectors, it becomes irrelevant.

o 2im(si(x)) = [ Lim(¢) exp (—p(e.5i(€)) de = Yim (x) — Tim(2): “primary” part of g, ()

® Nim(si(z)) =1og (¥im(si(x))): no physical interpretation. It appears in the negative log-likelihood calculations

o tim(3:(2)) = Jim(8i(2)) — Yimhim(s;(z)): no physical interpretation

o L(x) = 2%0:1 zN:d1 tim(si(z)): negative log-likelihood

5.2 A note on the conditions for a function to be a surrogate

Let ¥ : R — R and ® : R — R be functions differentiable in xg € R. ® is a surrogate of ¥ if and only if

Ve e R, ®(z) > ¥(x)
D(z0) = W(xo) (1)
@' (20) = ¥'(20)

The condition on the derivative, though, actually stems from the other two, as can be shown using the first order
Taylor expansion of ® and ¥. Let h € R. From the first condition, we have:

®(z0 + h) > U(xo + h)
= ®(x0) + h®'(x0) + o(h) > V(zg) + h¥'(z0) + o(h)
<= h®'(xg) + o(h) > h¥'(xg) + o(h) since ®(xq) = ¥(z0)
<= h(®'(x0) — ¥'(x0)) = o(h)

(2)

Choosing alternatively & > 0 and h < 0 and dividing by h yields both ®'(29)—¥'(x¢) > o(1) and &' (z¢)— ¥’ (x¢) < 0o(1),
which means ®'(z¢) — ¥'(xg) = 0, i.e. ®'(z9) = ¥'(xg) This generalizes easily to functions RY — R.

5.3 Step by step calculations

The first surrogate is found by replacing h;.,(s;) by its tangent plane, i.e. by its first order Taylor expansion around

SE:;) There is nothing to do to get to equations (22) and (23) except replacing the terms from equations (11) and

(12) with that from equation (21), and noting that Y;,, is non-negative, as explained in the paper. The notation
(n)

Vs, him (sz(-")) means “the gradient of h;,, with respect to its variable s;, evaluated at s; ’”. From equation (23), let

us develop the parentheses:

0 (6) = Bom(50) = Vi (Bim (50")) + Vi, i (5 (51 = 51

= gim(si) —Yimhim (Sgn)) - }/imvsi hlm(sgn))sz + }/imvs,-, h1m(5(n))5£n)

i

The second and fourth terms do not depend on s;, therefore they can be grouped into a single constant C, yielding
(n)

7 I

the first row of equation (24). Then, the second row is obtained by calculating the gradient of h;,, evaluated at s
which is just a matter of derivating a log. From equation (13), we have

Vi him(si)| ) = Vs, 10g (Jim(si))

Si=S8,;

(n)

Si:Si

V. Uim(5i)

si=s™
Gim (5")

which yields the second row of equation (24). The third row is obtained by replacing twice g, with its definition

from equation (1). Note that derivating with respect to s;, a —u(e) comes out of the exponential, and that Ylsz) is
defined right after equation (24). The last row of equation (24) is obtained by grouping both integrals into a single



one, factoring I;,,(¢) and using the function f defined in equation (25). This one-dimensional function f has been
studied in earlier publications: for any = > 0, the optimal surrogate of f around x (i.e. the flattest possible parabola
that is tangent to the graph of f at z, and above the graph of f everywhere on R") is known. And quite suprisingly,
it does not depend on «. In the paper, the curvature of that parabola is referred to as “the optimal curvature”, and
can be found in equations (55) and (56). Equation (26) defines a quadratic surrogate for fln) (s;): the zero-th and

first order terms are obtained by Taylor expansion of fum around SZ(- ), and the Hessian is computed from the optimal

curvatures along each dimension. The Hessian has Ly rows and Lg columns, with Ly the number of materials. Note
that the assumption that the s; are non-negative is required for the existence of a surrogate of f to be guaranteed.
This could have been a problem if we had used a synthetic materials basis for internal computation (see section ,
but for some reason, using a basis of synthetic materials does not affect convergence of Long2014, so we will simply

stick to the original one. Now equation (29) is obtained by summing the surrogates fQ(TZn on all rays and all bins.

The paper moves on to finding a voxelwise separable quadratic surrogate Lé") (z), derived in details in Appendix C,
starting with equation (58). In order to re-do the calculation, let us expand the second row of equation (58) and try
to re-obtain s;(x). Since one divides by m;j, one must assume that it is non zero, except when the numerator (a;;) is
also zero, in which case the fraction lj is assumed to be zero. Expanding yields

N, N " Ny . Ny Ny . Ny Ny »

al] n n _ . L . n . . n
E Ty —(:L“J -z )+ E aijT; = E ;T E a;jr; + E Uy E aijT;
j=1 Pij j=1 j=1 j=1 j=1 j=1

Since Z;V:p1 aijx§-n) does not depend on j, it can be taken out of the sum, yielding

Za”xj Za” ()+ Za” ZWU

If Z 2, mi; = 1, this simplifies to

Zawxj Zalj ()+Zaw " = Za”w]fsl )

Equation (59) is then the straightforward application of the convexity inequality on f () (si(z)). Then equations (60)

1,9m

and (61) simply remind that Lén) has the same value and gradient as L around z(™, by construction of the surrogate

function, and equation (62) computes the Hessian of féz»), evaluated at z;.
Finding a surrogate for the regularization term is described in details in sections [6.2.2] and [6.2.6] so it will not be
developed here.

6 Weidinger et al. 2016

In [? ], Weidinger et al. propose another algorithm based on separable quadratic surrogates of the cost function.
Similarly to [? ], the SQS is derived by successive majorizations: first Q1 a convex surrogate of the cost function, then
Q2 a quadratic surrogate of J1, and finally Q3 a separable quadratic surrogate of Q2. It turns out, though, that @ is
an approximation of Q1, not a surrogate (Qz(f, f(™) can be smaller than Q,(f, f™)), therefore the algorithm is not
entirely rigorous. Yet the method it yields does give good results.

6.1 Notations and intermediate variables

e i € {1..M}: index of the pixels in the projection data (or equivalently on the rays, since each ray hits one pixel).
Note that from equation (16) on, the M changes for an N. We shall use N, since it is the notation used in most
of the paper.

b € {1..B}: index of the energy bins in the projection data

j € {1..P}: index of the voxels in the reconstructed volumes

k € {1..K}: index of the materials in the reconstructed volumes

e F: actual energy of photons, used as integration variable

Nz‘b,o(E)i number of photons of actual energy F that end up measured in pixel 7 and energy bin b, when there is
no object in the beam

f: set of sought volumes, one per material



e f("): estimate of f at iteration n

° f]’?: concentration of material k in voxel j of f

. Nib: number of measured photon counts in pixel ¢ and energy bin b (the measured data). The set of all measured

photon counts is simply noted N.

e N?Y(f): expected number of photon counts in pixel i, in energy bin b, when the beam traverses f. The set of all
expected photon counts is simply noted N

e u*(E): attenuation coefficient of material k at energy F

e L(N): log-likelihood of N, i.e. this is the log of the probability to measure N photon counts if the expected

number of photon counts is N. Since N actually depends only on f, L(N) and L(f) are used indistinctly
e 1 = {n*}: regularization parameters
e R: regularization function
o O(f): cost function, composed of —L(f) for the data-attachment term, and nR(f) for the regularization term

e hY(x) = —N/log(x) + x: convenient function, at first used to compute the i,b term of L(N), then to define
surrogates (1 and Q2

o IN(E, fF) = Zle aijffuk (E): line integral along ray i through material k of f at energy E, i.e. the forward

projection of f*u* at pixel i at energy E
o l,(E,f)= Zszl I¥(E, f*): total line integral along ray i at energy E, taking into account all materials

e {;(E, ) =exp(—L(E, f)) : attenuation factor caused by f at energy F in the pixel i, i.e. the ratio “number
of photons of energy E getting out of the object” divided by “number of photons of energy E getting into the
object”

b,(n) _ Ny | b,(n) ; ;

o 5,V (E) = (B oy o clear physical meaning. Note that the definition of 8,/ (E) in equation (13) of [? ] is
erroneous: N?(f) does not depend on E. The second argument is not always mentioned, but it is always f().
For concision, even when the equations of [? | use the notation B (E ), we shall use Bf’(n)(E) instead in
this document.

o WY(E,1;) = hb(exp(—L;(E, £))B7™) = NI(E, f) — N 1log(8"™) + exp(—L:(E, £))87"™: same function h? as
previously, but with different variables, since Jensen’s mequahty has been applied. Note that the paper uses this
notation without defining it, but it is hard to imagine what else it could be.

b,(n)

C’f ‘™. K x K curvature matrices for quadratic function g,

o Ny (B.fF) = SO (g - g7 ) 1 1B

6.2 Step by step calculations

6.2.1 Surrogates of the data-attachment term

Start with equation (7), replace the negative exponential with ¢;(F, f), and multiply and divide by Bb (")( E) to obtain
equation (14). Then the paper contains another error: it is hi? that is a convex function (and whose convexity is used),

not N?(f). But let us first prove equation (15):

o (E)
/ e

Replacing Bf’(n)(E) by its definition and taking N?(f(™) out of the integral since it does not depend on E, we obtain

sy | Mol (B, £

and since the integral is equal to N?(f(™) from equation (7), it proves equation (15). To prove equation (16), let us

first remind Jensen’s inequality for convex functions: if h is convex, >, w; = 1 and Vi,w; > 0, then h (3, wiz;) <

> h(ml) It works with a sum, but also with an integral: if h is convex, [, w(E)dE =1 and VE,w(E) > 0, then
h ([ w( E)dE) < [, h(z(E))dE. Now, start from equation (3) and replace N/(f) with equation (14):

B M

=>. D N ( / >(E) t(E, £)B ™ (E )dE)

b=1 i=1 (E)



Applying the integral version of Jensen’s inequality with w(E) = Lf(S)(g)) and z(E) = t;(E, f)ﬁb (n)(E) yields equation

(16). Let us assume like in the paper that @; indeed fulfills the conditions to be a surrogate of —L and rnove on.
Equation (17) defines qf () (E,IF) which is an abusive notation for qi’(n) (E {l’?}1<k<K), meaning that qi ™) does

not depend on [;(E, f) = Zszl I¥(E, f*), but on the individual I¥, for 1 < k < K. qb ()

function equal to the second order Taylor series development of hb around the point (E,1},.

is defined as a quadratic
., IF). Why not, but
whether or not qb (")(E I¥) indeed majorizes h%(E,1;) depends on the choice of the matrices Ci’("). For equation (17)
to hold at least locally around (E,1},...,IX), these matrices must be “larger” than the Hessian of h(E,l;), i.e. the
difference must be a semi-definite posmve matrix. Otherwise the higher-order terms could sum up to a negative value
and violate equation (17). With the choice stated in the paper, i.e. that the C’f’(”) be the Hessian of hY(E,;), the
inequality cannot be guaranteed locally. For @ to be a surrogate, equation (17) should also hold globally, i.e. for
all f, but this can only be obtained assuming that the lf are positive. This can be found in [? ], where Erdogan &
Fessler assume that the [ are positive (equation (9) in [? ]), and calculate the optimal curvatures, i.e. the “smallest”

Cf ‘™) matrices for which equation (17) holds for all I¥ > 0. Here, Weidinger et al. note that assuming non-negativity
of the line integrals can prevent accurate reconstruction of materials that are not in the decomposition basis: those
are represented by linear combinations of the basis materials, potentially with negative coefficients, which can make
the line integrals negative. So they do not make the non-negativity assumption, and therefore cannot find an optimal
curvature. Thus, with the choice made in the paper, equation (17) holds neither locally nor globally, and the inequality
sign should be replaced by an approximation sign. One could add I, with & > 0, to the Hessian of h?(E,;), and thus
obtain C’f ‘™ matrices that at least guarantee equation (17) locally. But let’s continue anyway and find a surrogate Q3
for @2, leaving aside that Q)2 is not a surrogate for Q1. To obtain ()3, we need to use the convexity of qf ’(n), writing
its argument as a weighted sum, with weights adding up to 1. Let’s start in equation (20), by rewriting IF (E, f*):

15 (B, f*) Z ai; f!
Adding and subtracting I¥ (E7 f(”)) compactly noted lk (")(E), we get
lk Ef Za”fk: k k(”)( )Jrlk(”)( E)
And we write one of the lk (n)(E) as a sum, simply using its definition:
P
It (B, 1Y) Za”f’“ HE) = Y af) Mt (B) + 17 (B)
j=1

Then factor the two sums:

(B, *) Zawu ) (1= 1) 1

In the sum, we divide and multiply by «a;; = 1377(1 and outside the sum, we multiply /;
j=1%ij

o (”)( E) by one

P
lkE kY — Qij y (k? 1") i k(")
z( 7f) ;aija‘jﬂ( ) f Za] [ )
Since lf’(") (E) does not depend on j, it can enter the sum. Merging all sums yields the second line of equation (20),
and the third line is just the definition of )\fj (E, fjk) Equation (23) is then obtained simply by applying Jensen’s
inequality from equation (19).

6.2.2 Surrogate of the regularization term

Equation (24) then gives the surrogate of the regularization term. Here, we will detail the calculations for a generic
regularization term of the form proposed in equation (4). By “generic”, we mean that any relevant convex twice-
differentiable and even function 1 can be used. We then calculate the first and second derivatives of the Huber
function and of the hyperbola used in [? ]. The Green’s function (used in Weidinger’s paper) [? | and its derivatives
are left to the reader. Here we only consider a single material, but extension to several materials is straightforward,
using a function ¥ that sums the values obtained by the individual ¢’s for each material. Repeating the argument in
equation (9) of [? ], we start by writing:

ol = 1) = (3028 - 17 — 171+ 3120+ 17 + 71



Using the fact that v is convex, we get

WU = ) < (f — £ = I+ JU(-20+ 17+ 1)

And since 1 is even,

CTo U O RETICY I A )

N |

Y(f5—fi) <
And therefore

™M~

bQ2f; =[] = ) @A - [ = )] = R, )

- 1
z::zN: fl§§

So we have a surrogate for the regularization term. Let us now compute its gradient and Hessian.

j=1 lENJ

OR(f. ") _ n_ ey, 9 n_ gn
afjo Z Z |: f]o ij _fj _fl ) 8f]o w(zfl fj _fl )

] 1IleN;

In the brackets, the first term is non-zero only when j = jo. The second term is non-zero only when [ = jy. For a
given value of j, if the neighborhood N; contains jg, that term remains, otherwise it gives zero. The tricky part is to
determine when the neighborhood N; contains jg, i.e. what is the set of indices j such that IN; contains jo. From a
simple drawing with a non-symmetrical neighborhood, it can be shown that this set is the symmetrical of N;, with
respect to jp, which could be noted Njo. Since one always uses neighborhoods with a symmetrical shape, in our case
Njo = Nj,. With all these considerations, the sums on j disappear, and we are left with

OR(f, ") _ 1 9 I 9 —
o 2\ 2 o, e TSI b G S f)

Both terms are identical, so we can merge them and remove the factor 1/2. Using the notation 1/) for the first derivative
of ¥, and accounting for the factor 2 that comes out of ¢ when derivating, we end up with

8 n
M—2Z¢2fm — )

8f]0 JENJD

That’s for the gradient of the surrogate of the regularization term. Now for the Hessian:

OR(f.f") o
ohot, =2 2 o,

V(2fj, — 7 — f1)

JENj,

The term in the sum is non-null only when j; = jg, making the Hessian diagonal. Note that the sum is on j, not jg
or ji, so it does not disappear by differentiation. We are left with

PR(f, ")

o0, M) 2 VR I 1)

JEN;,

Both the gradient and the Hessian will always be evaluated at f = (™, and will therefore result in

OR(f, f")

Ofio ‘f Fo 2 > W and LBUS™

JENJO af]()ale

= f(n) 6(jo, j1) Z T/) G — I7)

JEN;,

6.2.3 Derivatives of the Huber function

The Huber function is defined in equation (18) of [? ] as follows:

Hy () = x? for |x| <4,
0 26|x| — 62, otherwise.

Its first and second derivatives are

i (z) = 2x for x| <&
N = 95 sign(z), otherwise. () = {3 f(11;1|x| g 9,
, otherwise.



6.2.4 Derivatives of the hyperbola function defined in Long2014

[? ] defines a hyperbola function in equation (18) as follows:

Hs(z) = 532 <<1+3<5)2); —1>

Its first and second derivatives are

=+ (10(5)) - (10(2))

6.2.5 Minimizing these surrogates

Let us now move on to proving equation (26). The paper abusively uses variables j and k both inside and outside of
sums, we shall use j and k inside sums and jo and kg outside:

8Qs (f, F™) L E L) (5 3 k
ofpe ’f:fw 8f’“° ZZZ/ ”“‘) it (BN (B, 1)) dE ‘f:fw

b=11i=1 j=1

Nfo(E)

Since a;; does not depend on f . we only have to compute

b (%)

i [ PO (1, M (B, ££))]. This is still difficuls,

but somethlng else helps: we do not need the general expression of

b,(n .
f T [ q; () (E,/\fj (E,ff))], we only need it
N
evaluated at f = f( (see equation (26)). Note that equation (26) contains %, which seems to be an abuse of
B Jjo
notation for g;,ff) e fy since Nf’(”) = N?(f™), which does not depend on fj]?, and therefore the gradient would
always be zero.

From the definition of qf ’("), the zero-order term cancels out while differentiating, and the second-order term leaves

a factor lf" — lfo’(n)

, which cancels out when evaluated at f = f(™. Therefore only the first-order term is left

. k,(n
N (B, £y = 18)

9 b k. ] 0[S~ ORb(E, L)

From the sum over k, only the term in k, remains, and the derivative evaluated in ¥ = lf ™ does not vary with fj]-f)o,

therefore

Ot (E,1;)
oI

9]
1=k af]’?0

a5 (B X (B.4))] = NS (B, ) = 1)

0
k
afjoo
Taking each bit at a time:

b .
Om(E, L) _ 0 [N log (1:(B, )8 (E) ) + (B, )8, " (E)]

aF ok
= — 2 D E _
N R T T

Since t;(E, f) = exp(— Zszl IF(E, f*)), its derivative with respect to I¥ is simply —¢;(E, f). Replacing in the above
equation, this yields

Oh(E,1;
éﬁlzwfﬁmwmww
Evaluated at f = f("), this gives
Onl(E, ;) b xobi(n)
F e — NF =N

And now for the second bit (only the terms in jo and ko remain from the various sums)
9 ko (E, fko) ko,(n)} 9 aijo“ko (E) (f’?o _ f’?m(n))
afjl? iJ0 afko Qijo Jo Jo

_ it (E)
QXigo




Back to the derivative of equation (23), and replacing both bits by what we computed:
Qs (f, f™) N e 02)
R b I CE Bt
The o, simplify, the difference N? — N?(f(™)) gets out of the integral, and we are left with
0Qs3 (fvf(n ‘ u b £(n) NibO(E) k
T MDY Z (80 = W) [ o () dE
ofy  M=Iv T Z 8" (E)

The integral looks similar to what one would obtain by differentiating N;’ with respect to fj]?, which is suggested in
equation (26), so let us calculate that independently and see what comes out:

ON{(f) _ 0 b
L =—— [ N)o(E)exp aij » fin"(E) | dE
8fj(€()o 8fjkoo ;0 Z J Z

P K
. / No(B)as, i (B)exp |~ a3 rii(B) | dB

j=1 k=1
Evaluated at f = f("), this yields
ONY(f)
_ , (n)
8ka e = / NEo(B)ass, 1™ (Bt (B, ) dE
N(fm
/ N o(E)asy, 1 () ) g
B (E)
NYo(E)
NI [ S gy B)E
B8 (k)

We find the same integral as before, and the —N?(f(™) factor can be extracted, finally yielding (26). And now let’s
go for the Hessian of @3, simply differentiating equation (23) twice. From the sums over j, k and m, only the terms
in jg, ko and mg remain:

92 B N P sz o2 .
kaanmo ZZZ/ 0 fkoa mo [qf( : (E’Af] (EVka))} dE

b=1 i=1 j=1

Let us compute separately the second derwatwe of qb ‘™ From the definition of qf ) i equation (18), only the

second-order term remains, and the factor i 5 is removed because all terms appear twice. Therefore:

(n) k ] _ bkomo,(n) O Qijo ™ ok pkos(m) Qi pme  pmos(n)
{qz (E’ )‘U (E’ fj))} - Ci afkoaf;:o |: Qij, (fjo0 fjo ) Qijo (fjoo fjo )
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2
bk ,(n) %4
:Cz omo,( ) QJON N
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a%nb(E,lL;)

S50 instead of the

which gives equation (27). The paper then suggests using the coefficients of the Hessian

Cf Fomo-(m) coefficients. So let us first compute that Hessian:

PhY(E,L) 9 [ORM(E,L)
dlkogime L | otk
0

= g [N = 5 (BB )

= B (Bt (B, f)

Evaluated at f = f("), this yields
0?nb(E,1;) by(n)
——in ) — g gy (B, fOY
otbaum =0 E(ES)

= N>



which yields the first line of equation (28), except that the Nf’ is actually an ]\_/'f ‘™ The next line of equation (28)

is obtained by just replacing o;;, and Bf ') with their definitions, but the ratio between Nib and Nf’(n) should be
replaced by one. So equation (28) should actually read

3Q 0 mo n
7o S Zau [ W@ @ E)(E, e

b=1 i=1

To finish, note that in the summary of the algorithm, at step (3), there is a minus sign missing. Taking into account
that, plus the abuse of notation already mentioned, equation (30) should read

1 ONP(f)
Qijo 8fj’.;° f=f(n)

[ NtEt . e

6.2.6 Modifications for synthetic materials

In Weidinger2016 too, in the case where the algorithm is fed a matrix Mgyntn of the attenuations of synthetic materials,
we want the real material volumes to be regular, not the synthetic ones. Let P be the matrix such that PM;ca1 = Msyntn
and PZgynth = Zreal. Most of the calculations of section are trivially updated by inserting matrix P, and replacing

the one-dimensional 1 by a multi-dimensional ¥, such that ¥(x) = Zle ¥ (xg). The main changes are:

R(f, ") = Z S (PRE - 1] = 1) + O (PRfi— 7 = £1)]

J 11leN;
OR(f. ") , )
Tt g = ]EZNJD” 7170
PR(f, ™) o i} o
0f30005, ly=ro = 46(jo,j1)PT > W (P — 1) P

jeNJO

7 Mechlem 2017

This paper [? | builds upon Weidinger et al. [? ], adding three main features:
e A calibration algorithm, when the effective spectrum is not known (or not known with enough precision)
e Ordered Subsets (OS)
e Nesterov acceleration

In addition to that, it suggests to compute the Hessian (and its inverse) only once, thus updating only the gradient
at each iteration. This approach is only valid if the Hessian is near-constant, i.e. if the estimated volume undergoes
little change over the course of the iterations. Thus it is proposed to start the iterations from a previously known
approximate result, like a two-steps reconstruction. Since we start from a zero-filled estimate, we do not use this
acceleration.

7.1 Calibration

7.2 Ordered Subsets
There is nothing specific to one-step in the way OS should be handled here.

7.3 Nesterov

The formulas given in Table 1 can be simplified to get rid of the sums. Independently of the OS part, the Nesterov
update step used in the paper is the following:

thr1 =

1
2
G+ = 20 _ ()7 Vg, 0 (z“ﬂ)

k
F 50 3 (1,) Vs, 0(20)

SO _ g+ tkiﬂ (@'(k-irl) _ &<k+1>)

Zlol



Note that in the equations of the paper, it is assumed that the Hessian is not recomputed at each iteration, therefore
the Hessian is noted H,. That the Hessian stays constant is not a requirement for Nesterov acceleration, and given

the choice we have made (start from a zero-filled estimate), we will keep Hék) instead. The key to simplify these
equations is to first define

= (1) o0 ()

which yields

7k

G+ — 7k) _ 7

k
Fk+1) — #0) _ thﬁ(l)
=0

and then to compute

k k—1
Fk+1) _ (k) _ (5(0) _ Ztlg(l)> _ (27(0) _ Zhg*”)
1=0

= —tks_f(k)

Combining these changes, the Nesterov update step is

1
by =5 <1+\/1+4tﬁ)

7 = (H9) ™ v (#9)

©
gkt = zk) _ Gk)

gD — k) g, 56)

Hh+1) _ ght1) | t:jﬂ (g(kﬂ) _ &»(k+1))
Ty
1=0

8 Barber 2016

Roughly, the algorithm proposed in [? ] is a modified Chambolle-Pock designed to minimize a difference of convex
functions, called MOCCA [? ]. The mathematics of MOCCA are beyond my reach, therefore this section focuses on
making the algorithm described in equations (47)-(52) of [? | easy to implement.

The main difficulty is to compute the matrix K (fp), which depends on fj, and therefore changes at each iteration.
K1(fo) has NN, rows and NiN,, columuns, i.e. it is and is N, N, times larger than the forward projection matrix
X, which makes it impossible to store for real reconstruction situations. In equations (16) and (17), the matrices Z
and A are defined with multiple indices. As explained in appendix B, A, ;; means A, where s = w.N; + [ and
t = ¢.N; + ', which means that A is organized in w x 7 blocks of size N; x N;. However, another organization of A
can be chosen, provided it is consistent with the organization of Z, f, etc ... We recommend to use s = [.N,, + w
and t = I'.N; + 4, since then I’ = [ yields a block-diagonal matrix A. Each block is of size w X i, and processes
one (multiple-energy) pixel of the input vector. Corresponding choices for Z and f are Zi; mi = Z1.N,+i,k. N, +m and
fem = fr.N,,+m- In short, they mean “all materials of a voxel, then the next voxel” and “all energies of a pixel, then
the next pixel”. Computing Zf can be implemented with one forward projection per material of f, then for each
(multi-material) pixel, multiplication by the matrix u. Note that Zf is a vector of size N;N;. If all energies of the
input spectrum (typically about a hundred) are used, it may be too large to store. In that case, it would be preferable
to compute one pixel of Z f at a time, and compute the multiplication by A of that pixel, then move to the next one.
Multiplication by A can be performed pixel by pixel, by generating for each pixel the corresponding w X ¢ block and
multiplying with it. Let us now comment the equations of the algorithm:

e Equation (48) defines £(™ and T(™, which are the dual and primal step sizes, respectively. They are diagonal
matrices, but X should be stored as a set of multi-bin projections, and 7" as a multi-material volume. Multiplying
by them results in a simple pixelwise (for ) or voxelwise (for T') multiplication, and multiplying by their inverse
is equivalent to dividing pixelwise or voxelwise. The same holds for Dy, r, r_ and b, which should all be stored
as multi-bin projections

e Equation (52) can probably be generalized to f(**+1) = f(»+1) 1 ¢ (f(”'H) — f(")), as in the original Chambolle-
Pock algorithm (see e.g. Equation (7) of [? ]), where 6 € [0;1]. In our experiments, using = 0 led to slower
convergence, but reduced the risk of accidental divergence.
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